
Sparse Sampling Techniques
DOI: 10.1002/anie.201402049

Accelerating Diffusion-Ordered NMR Spectroscopy by Joint Sparse
Sampling of Diffusion and Time Dimensions**
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Abstract: Diffusion-ordered multidimensional NMR spectros-
copy is a valuable technique for the analysis of complex
chemical mixtures. However, this method is very time-con-
suming because of the costly sampling of a multidimensional
signal. Various sparse sampling techniques have been proposed
to accelerate such measurements, but they have always been
limited to frequency dimensions of NMR spectra. It is now
revealed how sparse sampling can be extended to diffusion
dimensions.

The phenomenon of nuclear magnetic resonance (NMR)
underlies one of the most important techniques of chemical
analysis, NMR spectroscopy. In an NMR experiment, nuclei
are polarized by an external magnetic field and, after
excitation with radiofrequency (RF) pulses, return to the
equilibrium state emitting a free induction decay (FID)
signal. This signal is usually weak because the nuclear
magnetic moment is very small, and therefore, the experiment
has to be a masterstroke of signal excitation, detection, and
processing. Furthermore, the changes in resonance frequency
that are caused by molecular structure and dynamics (chem-
ical shift) are in the order of parts per million (ppm) and often
difficult to resolve.

The latter problem can be circumvented by introducing
additional spectral dimensions. For example, in a two-dimen-
sional NMR experiment, the signal is a function of two time
variables, each encoding one type of nucleus (1H, 13C, 15N
etc.), and its components correspond to pairs of nuclei that
are coupled by a physical interaction:

s t1; t2ð Þ ¼
XN

i¼1

si t1ð Þ�si t2ð Þ ð1Þ

where si(t1) and si(t2) are resonance signals from the ith pair of
nuclei. The spectrum of a signal that is emitted by N pairs of
nuclei consists of N correlation peaks, each characterized by
a pair of frequencies. The vector of spectral points S is
obtained from the vector of the FID samples s by solving the
following system of equations:

FS ¼ s ð2Þ

where F is the inverse Fourier transform M � M matrix with

Flm ¼ exp i2plm
M

� �
or the unique solution, s and S have to be of

equal size. Unfortunately, the sampling of indirect dimensions
(t1 in this case) is time-consuming. Usually, to obtain two-
dimensional S of good resolution, data has to be collected for
tens of minutes or more. This motivated several groups to
develop sophisticated mathematical methods that allow the
reconstruction of S from a relatively small number of
samples.[1] Many of these approaches are based on random
or non-uniform sampling (NUS).[2] In such cases, S is found by
minimizing the penalty function involving the term V(S),
which represents additional assumptions that are needed to
solve the underdetermined variant of Equation (2):

min
s

FS� sk k2
‘2
þtVðSÞ ð3Þ

where t is the Lagrange coefficient, which keeps the
measured data and the assumption in accordance. Among
these approaches, compressed sensing (CS) has been shown to
be most effective for signals with sparse (i.e., “mostly empty”)
S.[3] This method, which was successfully employed to NMR
spectroscopy,[1a,b] assumes that V(S) = jS j ‘1

.
If the studied sample is a mixture of several compounds,

the spectral resolution can be improved by introducing
diffusion dimensions.[4] This approach, known as diffusion-
ordered spectroscopy (DOSY), allows the generation of
a signal that exponentially decays with a rate that is propor-
tional to the diffusion of the molecule containing nuclei i :

s t1; t2; gð Þ ¼
XN

i¼1

si t1ð Þ�si t2ð Þ � aiðgÞ ð4Þ

where aiðgÞ is a decaying function that is connected to the
distribution of the diffusion coefficients A(D) through a Lap-
lace transform, and g is the magnetic field gradient that is used
to sample the decay. To determine A(D), a Laplace transform
has to be employed, which, unlike the Fourier transform (FT),
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is numerically unstable and needs to be regularized. Possible
regularization methods include the maximum entropy
method[5] or CONTIN.[6] Recently, we have proposed the ‘1-
norm regularization algorithm ITAMeD for the processing of
diffusion data:[7]

min
A

LA� ak k2
‘2
þt Ak k‘1 ð5Þ

where L is the Laplace transform matrix. This kind of
regularization enforces the sparsity of the solution to the
transform.[8]

Interestingly, the inverse Laplace transform has always
been applied to DOSY data in a “sequential” manner, that is,
after FT in all time dimensions. This required full (and thus
time-consuming) sampling by varying the magnetic field
gradient for each point of all time domains. However, the
striking similarity of Equations (5) and (3) suggests that
Fourier and Laplace transforms can be combined, and the
signal can be sparsely sampled in a joint t1/g domain
(Figure 1). The minimized function becomes:

min
Q

PQ� qk k2
‘2
þt Qk k‘1 ð6Þ

where P is the combined “Four-
ier–Laplace transform”:

P ¼ F� L ð7Þ

and q is the vector of the
sparsely sampled indirect part
of the three-dimensional signal
from Equation (4); Q is its
spectrum.

The robustness of this method to noise and undersampling
has recently been studied by simulations.[9] Herein, we exploit
the possibility of an experimental application of this
approach, exemplified for the HSQC–DOSY technique.

We demonstrate the result of 3D ITAMeD processing on
the 3D CT–HSQC–iDOSY[10] spectra of two chemical
mixtures: a four-component mixture with different concen-
trations of citrate, l-alanine, 2,4,6-trimethylaniline (TMA),
and taurine and a two-component equimolar mixture of rutin
and quercetin, which show a strong degeneracy of 1H
chemical shifts. Cross sections and the projection over the
13C dimension for the first sample are shown in Figure 2. Both
the 1H and 13C frequency coordinates are reproduced up to
the precision that is defined by digital resolution. The
reconstructed diffusion coefficient values differ only slightly
between peaks for the same compound.

The peak volumes in the reconstructed spectrum are in
acceptable accordance with the reference 1H NMR spectrum
(Table 1). Only the volume of the l-alanine peak was
significantly overestimated.

Figure 1. Joint sparse sampling of the time and gradient domains in diffusion-ordered NMR spectroscopy.

Figure 2. 3D HSQC–DOSY spectrum of a mixture of l-alanine, TMA, taurine, and citrate. A) Projection over the 13C dimension. B–E) Cross
sections for the diffusion coefficients of TMA (B), citrate (C), l-alanine (D), and taurine (E). The insets contain magnified images of certain peaks.
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Furthermore, we examined the influence of undersam-
pling on the quality of the spectrum (see the Supporting
Information, Tables S3–S6). For low sampling levels, the
diffusion coefficients were disturbed. However, even for only
50 points, the reconstruction separated the compound with
the smallest diffusion coefficient from the one with the largest
diffusion coefficient. Therefore, it seems that a large reduc-
tion in experimental time is possible if the components of the
mixture differ significantly in their diffusion rates.

The proposed 3D method preserves all of the features of
the ITAMeD algorithm that are associated with sparsity-
enforcing ‘1-norm regularization, that is, it works best for
monodisperse samples.[7] It should be noted, however, that the
assumption of sparsity of reconstructed dimensions is even
more relevant in three dimensions. As shown recently,[7] the
one-dimensional ITAMeD algorithm is efficient in resolving
multiexponential decays (overlapping peaks in the frequency
dimension). The same feature was confirmed for the approach
discussed here.[9] Yet, the peak dispersion is larger in two
frequency dimensions than in the 1D case, and therefore,
multiexponential decay rarely occurs in 3D HSQC–DOSY
spectroscopy.

A comparison of the proposed method with the approach
that is based on conventional sampling and monoexponential
fit processing in the diffusion dimension is shown in Figure 3.
This comparison is made for the sample with only two
components (quercetin and rutin), but these components are
characterized by a strong degeneracy of 1H chemical shifts.[10b]

As for the previous sample, the number of NUS points that
corresponds to two regular HSQC spectra (256) turned out to

be sufficient for a good reconstruction. Interestingly, even five
regular HSQC spectra do not provide a precision in the
diffusion dimensions that would be comparable with the
ITAMeD result. For example, the deviations of the diffusion
coefficients for the rutin peaks in the conventional measure-
ment were up to 27% (35% for two HSQC spectra), whereas
for the proposed method, they did not exceed 13 %. This can
be explained by the fact that NUS provides much more

Table 1: Peak positions from the presented 3D HSQC–DOSY measure-
ments and their normalized integrals. The reference integrals were taken
from the 1H NMR spectrum.

D [mm2 s�1] F2 [ppm] F3 [ppm] Integral Ref.

Citrate 601 50.314 2.520 2.57 2.40
605 50.315 2.495
605 50.313 2.399 2.71 2.46
607 50.315 2.374

TMA 1180 49.317 2.748 1 1
Taurine 942 39.874 3.279 2.04 2.16

940 52.054 3.115 1.69 2.17
l-Alanine 900 55.037 3.636 1.67 1.33

906 20.773 1.330 9.08 6.53

Figure 3. 3D HSQC–DOSY spectrum of the mixture of rutin and
quercetin. A) 2D HSQC spectrum obtained with a 3D HSQC–DOSY
pulse sequence for the lowest of five diffusion-encoding gradient
levels. Markers show the diffusion coefficients obtained by a mono-
exponential fit (in 10�10 m2 s�1). Upper and lower values correspond to
the fit using five and two (first and third out of the original five) HSQC
spectra, respectively. B) Projection from the ITAMeD reconstruction for
diffusion coefficients from 1.07 � 10�10 to 1.45 � 10�10 m2 s�1; markers
show the peak coordinates in the diffusion dimension. C) Projection
from the ITAMeD reconstruction for diffusion coefficients from
1.76 � 10�10 to 2.04 � 10�10 m2 s�1; markers show the peak coordinates
in the diffusion dimension. D) Cross section from the ITAMeD
reconstruction for the peak at F3 = 7.64 ppm showing artifacts
obtained by this method.
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extensive sampling of the diffusion domain, that is, much
more gradient values are used. Furthermore, the effect of
noise is different in ITAMeD than in monoexponential fit
processing. With the former method, the noise manifests itself
mainly in the presence of artifacts (Figure 3D), whereas with
the latter method, the value of the fit (the diffusion
coefficient) is affected. This is due to the fact that ITAMeD
is able to process the multicomponent (multiexponential)
function and, to some extent, separates noise as additional
components. Additionally, by ITAMeD processing we were
able to increase the resolution (decrease the linewidths) in the
13C dimension by double extrapolation inside the NUS
reconstruction algorithm. The diffusion coefficients were
higher than those reported by McLachlan and co-workers[10b]

because of a lower sample concentration and higher temper-
ature.

In our opinion, many other 3D DOSY techniques may
benefit from the application of joint NUS in the t1/g space.
However, according to the CS theory, the number of sampling
points that is required for a proper reconstruction is propor-
tional to the number of peaks in a spectrum.[3] Therefore,
techniques that provide less sparse spectra (e.g., 3D TOCSY–
DOSY) will require more sampling points.

Finally, it is worth mentioning that other regularization
methods, such as MaxEnt[5] or CONTIN,[6] could also be
applied to NUS data in the time-gradient domain. However,
the ITAMeD method exploits the principle of compressed
sensing in the frequency dimensions and thus provides
superior results when the spectrum is sparse (which is usually
the case in liquid-state NMR spectroscopy).

We propose that the developed method can significantly
accelerate diffusion-ordered NMR spectroscopy. It is based
on a sparsity constraint, which allows the efficient recon-
struction of a 3D spectrum in an experimental time frame that
is typical for 2D measurements. In practice, this will provide
an at least three-fold acceleration of the experiment and more
precise results. We believe that this method will open new
avenues in a variety of high-dimensional diffusion NMR
techniques.

Experimental Section
The CT–HSQC–iDOSY pulse sequence[10] was modified to employ
States–TPPI quadrature and is described in detail in the Supporting
Information. The first sample was a mixture of potassium citrate
(85.2 mm), l-alanine (145.7 mm), TMA chloride (8.5 mm), and taurine
(85 mm) dissolved in D2O. The second sample was a mixture of rutin
(40 mm) and quercetin (40 mm) in deuterated DMSO. Both mixtures

have been used as DOSY standard samples before.[10b, 11] The experi-
ments were performed on an Agilent 600 MHz DDR2 NMR
spectrometer with a Penta probe. All of the measurements were
performed at 298 K. Signals were acquired using 400 (first sample)
and 256 (second sample) pseudo-2D increments with delays/gradients
set to random points from the 200 � 5000 (first sample) or 128 � 5000
(second sample) t1/g grid with sixteen scans per point, which
corresponded to 8 hours and 5 hours of experimental time, respec-
tively. Regular sampling for the second sample was performed using
128 points in the 13C dimension and five gradients, which corre-
sponded to ca. 13 hours of experimental time. Spectra of the second
sample were folded twice in the 13C dimension, as described by
McLachlan et al.[10b] For details of the sampling schedules, see the
Supporting Information.
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